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Abstract
We explore a plasma based analogue of a helical undulator capable of providing circularly and
elliptically polarised betatron radiation. We focus on ionisation injection configurations and in
the conditions where the laser pulse driver can force collective betatron oscillations over the whole
trapped electron bunch. With an analytical model and by employing three dimensional simulations
and radiation calculations, we find that circularly or elliptically polarised laser drivers can force
helical betatron oscillations, which produce circularly/elliptically polarised betatron x-rays. We
assess the level of polarisation numerically and analytically, and find that the number of circularly
polarised photons can be controlled by tuning the laser pulse driver polarisation. We show the
production of betatron radiation that is circularly polarised up to . 40% close to regions of
maximum photon flux. The total flux of circularly polarised betatron radiation drops for elliptically
polarised drivers, and is negligible when using linear polarisation. Our results can be tested today
in current experimental facilities.
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Plasmas sustain extremely intense fields, orders of magnitude larger than any other ma-
terial. This unique feature has lead to the development of compact, plasma based light
sources. Although there are various radiation emission mechanisms in plasmas addressing
specific spectral regions, the production of x- and gamma rays is usually achieved in plasma
accelerators [1]. A plasma accelerator uses an intense laser [2] or particle beam driver [3] to
excite relativistic plasma waves capable of accelerating electron bunches. While accelerating,
bunch electrons also perform transverse oscillations (betatron oscillations), which are driven
by the focusing fields provided by the background plasma ions. Like in the synchrotron,
betatron radiation emission occurs when the acceleration component perpendicular to the
velocity is maximum, at the crests of the betatron oscillations [4].
State-of-the-art experiments for the production of betatron radiation operate in the
strongly non-linear blowout regime [5–7]. Radiation emission can be significantly enhanced
in the blowout when the laser interacts with accelerated electrons, resonantly driving the
betatron oscillations [8, 9]. State-of-the-art experiments in these regimes typically deliver
ultra-fast (∼1-10 fs), spatially collimated (. 10 mrads), and energetic (10 KeV - 10 MeV)
photon bunches [8]. These x-rays and gamma-rays, whose properties are fully determined
by the details of betatron trajectories [10], can be used to image microscopic structures [11],
and to generate high resolution tomographic images of medical samples with unprecedented
resolutions [12]. In addition to these advances, betatron light sources have the potential to
impact an even wider range of applications where imaging plays a vital role, from medicine
to nuclear physics [13].
In addition to its energy and spatial distribution, it is also important to understand the
polarisation properties of betatron radiation. Producing circularly polarised betatron radia-
tion can be particularly interesting. This could open the way to probe the spatial structure
of complex molecules (e.g. proteins) and the magnetic properties of materials [14] with
plasma based betatron radiation. Recent experiments already identified a path to control
the production of linearly polarised x-rays in the laser wakefield accelerator [15, 16] by using
a laser with a pulse front tilt [17] or in ionisation injection scenarios [18]. Similarly to un-
dulator radiation, these x-rays may also contain a circular polarisation component at larger
observation angles. However, the number of circularly polarised photons will be negligible
in those regions, because most of the energy is concentrated at small angles centred on the
propagation direction. As a result, circularly polarised UV, x-ray and gamma-ray radia-
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tion can then only be currently produced in helical undulators [14], which use a particular
arrangement of magnetic fields to produce helical electron bunch trajectories.
In this Letter we explore a plasma based analogue of the helical undulator, capable of
producing and controlling the production of circularly polarised x-rays in a plasma accel-
erator. Employing theory and three-dimensional OSIRIS [19] simulations, we show that
the interaction of a circularly or elliptically polarised laser driver with an electron bunch
in ionisation injection scenarios [20, 21] leads to helical betatron oscillations of individual
bunch particles. By using the appropriate Stokes parameters we then demonstrate, with
theory and numerical simulations using the massively parallel radiation code jRad [22], that
these collective helical trajectories can lead to the emission of x-rays with degrees of circular
polarisation up to 40%. We show that the flux of circularly polarised betatron photons
can also be precisely controlled by tuning the laser polarisation, which also determines the
spatial distribution of circularly polarised x-ray radiation. Our findings can be tested today
with currently available experimental conditions.
We start by considering the radiation field E(t) emitted by a moving electron with mass
me and charge −e, given by:
E(t
′
) =
e
c
n×
{
(n− β)× β˙
}
(1− β · n)3R

ret
=
[
e
c
(β · n− 1) β˙ + n · β˙ (n− β)
(1− β · n)3R
]
ret
. (1)
where c is the speed of light, n is the unit vector that goes from the charge to the observation
point, R(t) = x − n · r(t)/c is the distance from the charge to the observation point in the
detector, x is the distance of the origin to the observation point, r(t) is the moving charge
trajectory, and where β = dr/dt and β˙ = dβ/dt are the velocity and acceleration normalised
to c. In addition, the subscript ret means that quantities are evaluated at the retarded time
t
′
= t+R(t)/c. Vector quantities are in bold.
The right-hand side of Eq. (1) establishes the relation between the direction of the radi-
ated electric field and the direction of the electron velocity and electron acceleration. In order
to clearly evidence this relation we consider the radiation emitted by an ultra-relativistic
electron in the far-field. Close to the axis, such that n ' (0, 0, 1) ' ez (ez is the unit vector
pointing in the longitudinal z direction), the transverse electric field components E⊥ given
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by Eq. (1) can be re-written as:
E⊥(t
′
) =
[
e
cR
β⊥β˙z − β˙⊥ (1− βz)
(1− βz)3
]
ret
(2)
where βz is the longitudinal electron velocity and where β⊥ is the transverse electron velocity.
Equation (2) shows that the polarisation properties can be fully controlled through β⊥ and
through its time derivative β˙⊥. Thus, radiation will be linearly polarised when the betatron
trajectories are defined in a single plane, and circularly or elliptically polarised when electron
trajectories are helical. The level of circular polarisation Pc is given by the Stokes parameters,
in which Pc = V/I, where V = −2〈Im
(
ExE
∗
y
)〉 and where I = |E⊥|2. The brackets
〈·〉 represent a time average needed to describe the polarisation features of light with a
broad spectra. We can determine a simple scaling for Pc by assuming simplified betatron
trajectories where β˙z  β˙x or β˙z  β˙y, and by assuming helical betatron trajectories where
βx ∼ exp (iωβt) and βy ∼ exp (iωβt+ iϕ), and where ϕ is a phase. For a single electron
executing helical betatron trajectories, Pc ∼ sin (ϕ). A similar scaling can also be obtained
for the angular momentum Lz ∼ r⊥ × β⊥ = |r⊥||β⊥| sinϕ. These expressions indicate that
the degree of circular polarisation can be controlled by the ellipticity of the trajectory, or,
equivalently, by its angular momentum [23].
The estimate for the level of circular polarisation can be extended for a particle beam with
N electrons considering that the transverse velocity of each beam particle is βx,n ∼ cos (ωβ,nt)
and βy ∼ cos (ωβ,nt+ ϕn). Neglecting effects associated with the longitudinal acceleration
(terms proportional to β˙z in Eq. (2)), the resulting electric field is E⊥ ∝ Σnβn. Employ-
ing the random phase approximation [24], and assuming that the retarded time is similar
for all electrons except for a constant factor associated with its initial position, then gives
Pc ∼ 〈Im
(
Σn,mβx,nβ
∗
y,m
)〉 ∼ 〈Im{∑n,m exp [i (ωm − ωn) t− iϕm]}〉 ∼ (1/N)∑n sinϕn. In
practice, the latter assumption implies that electrons are characterised by a same relativistic
factor γ. The total amount of circular polarisation then corresponds to the average circular
polarisation value of each electron. As a result, the production of circularly polarised be-
tatron x-rays can be achieved when each single beam electron performs a helical betatron
trajectory.
There are various possibilities to generate helical betatron oscillations in a plasma acceler-
ator. Examples include injecting an electron bunch off axis [26, 28] with a transverse velocity
component, using external longitudinal magnetic fields; employing asymmetric drivers that
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create transversely evolving plasma bubbles [23], and forcing betatron oscillations in the
presence of laser fields [29]. Here we explore a mechanism to produce and control the pro-
duction of circularly polarised betatron x-rays when electron betatron trajectories are forced
by a laser pulse driver with various polarisations (linear, elliptical or circular) in an ionisa-
tion injection scenario [20, 21], recently also considered as a suitable candidate to produce
and control the emission of linearly polarised x-rays [18].
We consider a laser pulse driver with normalised vector potential given by eA⊥/(mec) =
a0f(z − vgt) [cos (k0z − ω0t) , cos (k0z − ω0t+ ϕ)], where f(z − vgt) is the laser longitudinal
profile, vg is the linear laser group velocity, k0 and ω0 the laser central wavenumber and
frequency respectively, and ϕ is a constant phase that determines the laser polarisation
(linear polarisation for ϕ = 0, circular polarisation for ϕ = ±pi/2, and elliptical polarisation
for other values of ϕ). The laser wavenumber and frequency are related through the linear
plasma dispersion relation in an underdense plasma, given by ω0 ' k0c
[
1− ω2p/(2ω20)
]
,
where ωp is the plasma frequency. When γz  γg, where γg ' ω0/ωp is the relativistic factor
associated with the linear laser group velocity, γz = 1/(1 − v2z/c2) is the Lorentz factor of
the electrons, and for a smooth envelope profile such that k0df(ξ)/dξ  1, the equation for
the transverse electron motion in the blowout regime in the co-moving frame ξ = z − vgt
becomes:
d2x⊥
dξ2
+
dγ
dξ
dx⊥
dξ
+ 4γ2gω
2
βx⊥ = 2a0k0γ
2
gf(ξ) sin
[
k0ξ
(
1 +
2γ2g
γ2‖
)
+ϕ
]
. (3)
Equation (3) recovers the work of Ref. [29] with ϕ = (0, ϕ) = (0, 0). Equation (3) describes
an harmonic oscillator, with natural frequency corresponding to the doppler shifted betatron
frequency (2γgωβ), with damping (∝ dγ/dξ) and with a driving (right hand side of Eq. (3))
term. The damping term suppresses pure betatron oscillations, being the dominant contri-
bution at early times [29]. Then, the motion reaches a steady state and betatron trajectories
become solely driven by the laser pulse. The steady-state is reached after ξs & 2(dγ/dξ)−1.
Since dγ/dξ ' Eaccel, where Eaccel ' √a0 is the average accelerating gradient, and since for
an electron traveling at nearly the speed of light with vz ' c, the steady state ts is reached
after ts = 2ξsγ
2
g ' 4γ2g/
√
a0. For ξ > ξs, electron trajectories become given by:
x⊥ ∝ sin
[
k0ξ
(
1 +
2γ2g
γ2‖
)
+ϕ+ φ
]
, (4)
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where φ is a phase, identical for all particles at each ξ. Hence, Eq. (4) shows that the bunch
and individual bunch particles execute coherent oscillations both in ξ and in t [because ξ
maps time t through ξ ' (v‖ − vg)t] for ξ & ξs. The trajectories are planar when the driver
is linearly polarised (ϕ = 0). Hence, Pc = 0 when ϕ = 0. When the laser is circularly
polarised (ϕ = ±pi/2) the trajectories are helical, thereby maximising |Pc| = 1. For other
values of ϕ, radiation is elliptically polarised with 0 < |Pc| < 1.
We have confirmed these predictions by post-processing the particle trajectories of three-
dimensional (3D) Osiris [19] simulations employing the radiation code jRad [22], which pre-
dicts the spatially resolved radiation spectrum and polarisation. We explored the production
and control of circularly polarised betatron x-rays in ionisation injection scenarios, consid-
ering parameters that are available in many laboratories. We then used parameters close
to those of Ref. [20]. The laser pulse has normalised vector potential a0 = 1.7, transverse
spot-size w0 = 6.6 µm (1/e) and full width half maximum duration (fields) τFWHM = 57 fs.
It propagates into a gas with a mixture of Helium, with density nHe = 4 × 1018 cm−3, and
Nitrogen, with density nN = 2× 1016 cm−3. The gas density rises for 50c/ωp (' 100 µm), is
flat during 500c/ωp (' 1 mm) and falls back to zero for another 50c/ωp (' 100 µm).
We begin by studying simulations where ϕ = −pi/2. The laser fully ionises the Helium
gas and the inner (1-5) Nitrogen electron shells at the entrance of the plasma. At end of
the up-ramp, the laser drives non-linear plasma waves in the blowout regime. Trapping
and acceleration of electrons from the outer (6-7) Nitrogen shells also occur at the end of
the initial plasma ramp. These electrons, which gain up to 150 MeVs at the end of the
plasma (and before dephasing), begin interacting with the laser pulse driver shortly after
being trapped. The laser ionisation rates for the outer Nitrogen shells forms a helical pattern
closely following the laser electric field direction. As the laser propagates, it keeps ionising
the outer Nitrogen shells, therefore smoothing the helical structures. Simultaneously, the
laser also drives the betatron oscillations, which according to Eq. (4), lead to a whole bunch
modulation with a periodicity close to the laser wavelength. These modulations, which are
clear from Fig. 1a, correspond to a helical structure mapping the laser pulse field polarisation
directions.
Figures 1(b)-(c), which illustrate transverse velocity vector plots at two different posi-
tions within the bunch, demonstrate that bunch electrons acquired an azimuthal velocity
component in the anti-clockwise direction, performing global helical trajectories. Additional
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FIG. 1. Osiris simulation results illustrating forced betatron oscillations of an ionisation injected
electron bunch (outer shell of Nitrogen) interacting with the laser driver. (a) shows the 3D electron
trapped electron bunch distribution at t = 507/ωp. Each electron is coloured in blue according
to its energy. (b) and (c) show the transverse particle momentum vector plot at the longitudinal
positions marked by the grey and black squared lines in (a). (d) shows the trajectories of a selected
group of ionisation injected particles indicated by the red spheres in (a).
simulations with ϕ = pi/2 show that electrons rotate clockwise instead. The collective mo-
tion of each bunch slice, containing electrons from close longitudinal positions, also follows
a helical path as shown in Fig. 1(d).
These features suggest that electrons are producing circularly polarised x-rays. In order
to evaluate Pc we then performed jRad radiation calculations considering various sets of
trajectories of 512 particles from the outer Nitrogen shell electrons. Radiation was retrieved
in a virtual detector located at z = 104c/ωp, far from the exit of the plasma. The detector
provides spatially resolved energy and polarisation spectra. For all configurations explored,
the detector is 1000(c/ωp) × 1000(c/ωp) divided into 50 × 50 cells. The detector captures
frequencies up to ωmax = 6 × 104ωp being divided into 215 (32168) cells in the frequency
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axis for all cases. Radiation calculations refer to the range starting with particle injection
at ti = 130/ωp up to the end of the plasma at tf = 650/ωp.
Figure 2 shows the radiated energy spectrum (Irad) integrated for frequencies ω > 10
3 ωp
(well above ultraviolet) for the same trajectories in Fig. 1(d) with ϕ = −pi/2. Since bunch
electrons perform spiralling trajectories, the electron bunch density profile has a minimum
on axis. As a result, most of the radiation is emitted off axis at an angle θ ∼ K/γ. As
the angular width around the emission angle ∆θ ∼ 1/γ is smaller than θ, the transverse
radiation profile acquires the doughnut shape seen in Fig. 2a. The normalised, average flux
of circularly polarised photons 〈Pc〉 =
∫
PcIraddω/
∫
Iraddω is shown in Fig. 2b, indicating
the production of x-rays with peak Pc ∼ 35%. This is lower than theoretical predictions, for
which Pc = −1 when ϕ = −pi/2. The main reason for the discrepancy is that the transverse
electron trajectories in simulations are not purely circular, being elliptical instead. According
to the theoretical model, resonant betatron oscillations start when t & ts ' 600/ωp. As a
result, Pc could be enhanced for longer propagation distances, when the betatron resonance
becomes stronger. Additional simulations for longer propagation distances confirm higher
degrees of circular polarisation in excess of 40%.
We note that our jRad calculations assume that light is fully polarised. In order to
confirm that this assumption is not changing our conclusions, we performed time averaged
calculations by splitting the particle trajectories in intervals that start at the same propa-
gation distance but ending at different distances. The degree of circular polarisation was
identical in all intervals. As a result, the average Pc value is similar to the results we show
here. We have further confirmed the validity of our calculations by considering different
random sets of particles. In all cases, the level of circular polarisation did not vary much.
These results confirm that our predictions for Pc are physically meaningful.
Key circular polarisation features such as its handedness and spatial distribution can be
controlled by varying ϕ. For instance, when ϕ = pi/2 (inset of Fig. 2b), Pc > 0 reversing its
handedness, in agreement with theoretical predictions. When ϕ = pi/8, the maximum value
of Pc lowers, and the region where Pc > 0 follows an ellipsoidal shape that coincides with
the region where the betatron radiation energy distribution is maximum. We note that the
circular polarisation can change its handedness at larger angles. The handedness change,
however, occurs in regions where the radiated energy is smaller, having only a minor influence
on the flux of circularly polarised photons. When ϕ = 0, the circular polarisation pattern
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FIG. 2. jRad simulation results illustrating key properties of the radiation emission in ionisation
injection scenarios. (a) shows the x-ray energy profile integrated in ω for the group of electron
trajectories of Fig. 1d. (b) shows the corresponding average level of circular polarisation integrated
in ω. (c)-(d) show Pc for a elliptically (ϕ = pi/4) and linearly (ϕ = 0) polarised laser drivers.
becomes disordered, such that the Pc value averaged over the full detector is negligible
(Fig. 2d). Furthermore, Pc ' 0 for ϕ = 0 (Fig. 2d), as electrons perform trajectories in
a plane (defined by the laser polarisation). We note that when ϕ = 0, and similarly to a
planar undulator, |Pc| . 1 at larger angles. However, the number of photons in those regions
is negligible. Fig. 2 then demonstrates that the handedness and spatial distribution of Pc
can be controlled through ϕ.
The flux of circularly polarised photons can also be controlled through ϕ. Figure 3
shows the total flux of circularly polarised radiation, given by F(ω) = ∫ PcEraddx⊥ =∫
PcE
2
⊥dx⊥ (integration performed over the entire detector) for various ϕ. Figure 3a, which
illustrates F(ω) indicates that the flux of circularly polarised photons is nearly zero using
a linearly polarised laser with ϕ = 0, and maximum for circularly polarised driver with
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FIG. 3. jRad simulation results illustrating that the flux of circularly polarised betatron photons
can be controlled by the laser pulse driver polarisation. (a) shows the average circular polarisation
flux using lasers with various polarisations from ϕ = 0 to ϕ = pi/2. (b) shows the total circular
polarisation flux from simulations (red dots) and the theoretical scaling for Pc (solid line) as a
function of the laser driver polarisation.
ϕ = ±pi/2. Figure 3b, which illustrates ∫ F(ω)dω, further confirms that the number of
circularly polarised photons can be controlled through ϕ. Figure 3b also shows that the total
flux of circularly polarised x-rays also follows the variations of the total angular momentum
of the beam as a function of the laser polarisation.
Although we have explored a particular configuration leading the production of circularly
polarised x-rays in plasma based accelerators, we note that many others exist. For instance,
ionisation injection scenarios using shorter lasers, where electrons do not interact with the
laser while accelerating, could also lead to the production of circularly polarised radiation
because electrons are born with a transverse momentum in the direction of the laser electric
field thereby causing helical trajectories. The propagation of non-Gaussian lasers with el-
liptical cross-sections leads to oscillations of the focusing force that induce helical betatron
trajectories and circularly polarised x-rays [23]. External longitudinal magnetic fields or
external injection at an angle with respect to the propagation axis could also be used to
force helical oscillations capable of producing circularly polarised radiation.
The longitudinal acceleration can change the level of circular polarisation. Our simula-
tions show that the circular polarisation of individual particles can be nearly 100 % even
when their trajectories in the transverse plane for an ellipse. For the trajectories we anal-
ysed, this degree of circular polarisation can much larger than our predicted value for a given
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beam ellipticity when neglecting the term related to the longitudinal acceleration in Eq. (2).
Because particles emit radiation that arrives to the detector with different phases, the total
circular polarisation of the full beam is lower than that of individual particles. However,
we have observed very high polarisations close to 100% when selecting particles within a
very narrow energy spread. This suggests that mechanisms capable of strongly reducing
the energy spreads in plasma accelerators could significantly enhance the degree of circular
polarisation and the number of photons with circular polarisation. The role of longitudinal
acceleration will be examined in a future work.
This scheme can be tested in currently available experimental facilities, and may open
new paths for betatron radiation studies and applications. Our results may also provide
additional diagnostics of direct laser acceleration in plasma accelerators.
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